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In this paper, we propose a protocol for angular displacement estimation based upon orbital
angular momentum coherent state and a SU(1,1)-SU(2) hybrid interferometer. This interferometer
consists of an optical parametric amplifier, a beam splitter and reflection mirrors, hereon we use
a quantum detection strategy −− balanced homodyne detection. The results indicate that super-
resolution and super-sensitivity can be realized with ideal condition. Additionally, we study the
impact of photon loss on the resolution and the sensitivity, and the robustness of our protocol is
also discussed. Finally, we demonstrate the advantage of our protocol over SU(1,1) and summarize
the merits of orbital angular momentum-enhanced protocol.
PACS numbers: 42.50.Dv, 42.50.Ex, 03.67.-a
I. INTRODUCTION
In recent years, apart from phase estimation, there has
been a surge in interest in estimation of angular displace-
ment as another degree of freedom and has received wide
attention [1–10]. Angular displacement can be divided
into two distinct physical scenarios, one is the rotation of
the polarization [4, 6] and the other is the relative rota-
tion of the light axis [1–3, 5, 7–10]. Rotation of the po-
larization is often caused by birefringence effect of wave
plates or Faraday magneto-optical rotation effect of opti-
cal crystals. Rotation of the light axis can be introduced
by the rotation of the prism or, equivalently, the rotation
of the reference coordinate system [11].
For the first case, Malus law and shot-noise limit (SNL)
are the representations of the classical metrology. A great
deal of work has been done to improve such sensitivity
[4, 6, 12, 13]. It has been shown that the sensitivity can
be boosted by using N00N state [4] or two-mode squeezed
vacuum [6] along with quantum detection strategy. As
to the latter one, also the angular displacement type we
study in this paper, spin angular momentum (SAM) [14]
and orbital angular momentum (OAM) [15] of light are
usually utilized. The OAM performs better than SAM
since SAM forms a two-dimensional Hilbert space (spin
up or spin down), whereas, OAM space is inherently in-
finite dimensional.
Recently, Heisenberg-limited estimation protocols to-
wards angular displacement based upon OAM-enhanced
have been realized in both SU (1,1) and SU (2) interfer-
ometers [8, 9]. Due to the difficulty in preparing exotic
quantum state with large photon number, the estimation
sensitivities using these quantum states are even inferior
to that of high-intensity coherent state [16, 17]. There-
fore, angular displacement estimations based upon co-
herent state in SU(2) interferometer have also been ex-
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tensively studied, with the sensitivity being limited by
SNL.
On the other hand, some studies have shown that the
sensitivity of the coherent state in SU (1,1) interferom-
eter can surpass the SNL [18, 19]. In this paper, we
propose an OAM-enhanced protocol that utilizes OAM
coherent state and a SU(1,1)-SU(2) hybrid interferome-
ter to achieve sub-shot-noise-limited sensitivity, which is
better than both SU(1,1) and SU(2) cases.
The remainder of this paper is organized as follows:
in Sec. II, we briefly introduce the structure and the
working principle of the hybrid interferometer. Then, we
discuss balanced homodyne detection with ideal situation
in Sec. III. In Sec. IV, we study the effects of photon loss
on resolution and sensitivity, additionally, we compare
our protocol and the SU (1,1) one. Finally, we conclude
our work with a summary in Sec. V.
II. FUNDAMENTAL PRINCIPLE AND DEVICE
Consider a schematic of angular displacement estima-
tion protocol whose the main body is a SU(1,1)-SU(2)
hybrid interferometer, as illustrated in Fig. 1. This in-
terferometer can be achieved by using an optical para-
metric amplifier (OPA) to replace the first beam splitter
(BS) in SU(2), or, equivalently, utilizing a BS to replace
the second OPA in SU(1,1). The OPA and the BS are
used as entry and exit gates of the device respectively. A
coherent state and a vacuum state are injected into the
hybrid interferometer, and beam’s OAM degree of free-
dom is added by two spiral phase plates (SPPs). The
angular displacement difference ϕ between the two Dove
prisms (DPs) is the objective we would like to estimate.
It introduces a phase difference 2`ϕ [20] between the two
modes, where we assume that OAM quantum number
` is a positive number. After the above process, two
modes are recombined at BS1, and any output port can
be choose to implement a balanced homodyne detection.
Since OPA increases the number of photons, the cal-
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2FIG. 1. A schematic diagram of an OAM-enhanced angular displacement estimation protocol. The input coherent state
and pump light enter a hybrid interferometer. Two sets of SPPs and DPs play the roles of modulating OAM and introducing
angular displacement respectively. The output signal is detected by two detectors. The devices are abbreviated as: OPA-optical
parametric amplifier, RM-reflection mirror, BS-beam splitter, SPP-spiral phase plate, DP-Dove prism, D-detector.
culation of the mean photon number N in our protocol
is in agreement with the SU (1,1) case [21],
N =
〈
Aˆ†Aˆ+ Bˆ†Bˆ
〉
= cosh (2g) |α|2 + 2sinh2g. (1)
Where,
Aˆ=aˆ cosh g + bˆ† sinh g, (2)
Bˆ=bˆ cosh g + aˆ† sinh g, (3)
the parameter g is the squeezing factor of the OPA, and
|α|2 is the mean photon number of the coherent state
before the OPA. Here, aˆ† (bˆ†) and aˆ (bˆ) are the creation
and the annihilation operators for the input modes A (B)
respectively.
The corresponding SNL and Heisenberg limit (HL) for
our protocol are given by
∆ϕSNL=
1
2`
√
cosh (2g) |α|2 + 2sinh2g
, (4)
∆ϕHL=
1
2`
[
cosh (2g) |α|2 + 2sinh2g
] . (5)
One can find that the two limits are boosted by a fac-
tor of 2`. This implies that our protocol offers a huge
advantage over the protocols without OAM as it is easy
to prepare an OAM coherent state with ` ≤ 10 in the
laboratory. Under this situation, our protocol provides
an order of magnitude enhancement over the non-OAM
protocols with the same mean photon number.
From the perspective of metrology, the devices after
two DPs can be regarded as measuring devices. Thus, our
protocol can also be considered as a modified measure-
ment protocol based upon SU (1,1) interferometer. In
turn, the ultimate precision defined by quantum Crame´r-
Rao bound (QCRB), or quantum Fisher information
(QFI) of our protocol is the same as that of the SU (1,1)
interferometer. The QRCB for our protocol is found to
be [22],
∆ϕQ =
1
2`
√
sinh2 (2g) + |α|2 [1 + 2 cosh (2g) + cosh (4g)]
.
(6)
III. BALANCED HOMODYNE DETECTION
In this section, we analyze balanced homodyne detec-
tion, which is a preeminent method for the quantum noise
detection by detecting quadrature-phase or quadrature-
amplitude. It can also be used to realize the parity de-
tection towards Gaussian states [23]. Take port A as
an example, the detection operators have the following
forms
XˆA= aˆout + aˆ
†
out, (7)
PˆA= i
(
aˆ†out − aˆout
)
. (8)
Considering X quadrature, we can obtain the expecta-
tion value of the X quadrature,〈
XˆA
〉
=
√
2 |α| [cos (θ + 2`ϕ) cosh g + cos θ sinh g] , (9)
by using the transformation relationships
aˆout=
1√
2
[(
ei2`ϕaˆ+ bˆ
)
ν +
(
aˆ† + ei2`ϕbˆ†
)
µ
]
, (10)
aˆ†out=
1√
2
[(
e−i2`ϕaˆ† + bˆ†
)
ν +
(
aˆ+ e−i2`ϕbˆ
)
µ
]
.(11)
3Where ν = cosh g, µ = sinh g, and θ is the amplitude
angle of the input coherent state. Equations (10) and
(11) can be derived from the transformation matrices in
Appendix A.
We plot the output signal of balanced homodyne detec-
tion with ϕ and θ in Fig. 2. One can see that the signal
changes ` times from −pi/2 to pi/2, i.e., our protocol has
2`-fold super-resolution characteristic in one period (2pi),
like a N00N state. Furthermore, the signal waveform is
also modulated by angle θ. In terms of the definition of
the visibility [24],
V =
〈XA〉max − 〈XA〉min
|〈XA〉max|+ |〈XA〉min|
, (12)
we can find that there is always a 100% visibility in our
protocol, which indicates that θ has no effect on the vis-
ibility of the signal but merely moves the position of the
extremums.
FIG. 2. Signal with balanced homodyne detection as a func-
tion of angular displacement ϕ (radians) and amplitude angle
θ (radians) in the case of g = 1, ` = 3, |α|2 = 10.
We now turn to another important evaluation crite-
rion, which is the sensitivity in parameter estimation.
Using Eqs. (10) and (11), the expectation value of the
square of X quadrature may be written as〈
Xˆ2A
〉
=cos (2θ + 4`ϕ) cosh2g|α|2 + cos (2θ) sinh2g|α|2
+ [cosh (2g) + cos (2`ϕ) sinh (2g)]
(
|α|2 + 1
)
+ cos (2θ + 2`ϕ) sinh (2g) |α|2. (13)
In turn, with Eqs. (9) and (13), we obtain the fluctuation
of X quadrature, as given by
∆XˆA =
√〈
Xˆ2A
〉
−
〈
XˆA
〉2
=
√
cosh (2g) + sinh (2g) cos (2`ϕ). (14)
Using error propagation, we can calculate the sensitivity
of protocol,
∆ϕ =
∆XˆA∣∣∣∂ 〈XˆA〉/∂ϕ∣∣∣
=
√
cosh (2g) + sinh (2g) cos (2`ϕ)
2
√
2` cosh g |α sin (θ + 2`ϕ)| . (15)
To intuitively observe the change in sensitivity, in Fig.
3 we plot the sensitivity variation of balanced homodyne
detection with angular displacement. The result mani-
fests that the sensitivity of balanced homodyne detection
can surpass SNL and achieve sub-shot-noise-limited sen-
sitivity. In addition, the variation of the sensitivity curve
is slow, this illustrates that quasi-optimal sensitivity can
be obtained near the position of optimal sensitivity. How-
ever, it should be explained that the optimal sensitivity
in this strategy needs to satisfy the phase matching con-
dition,
θ + 2`ϕ = kpi + pi/2 (16)
with an arbitrary integer k.
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FIG. 3. Sensitivity with balanced homodyne detection as a
function of angular displacement ϕ (radians) in the case of
g = 2, ` = 1 and |α|2 = 100.
In Fig. 4 we plot the impact of θ on the sensitivity.
For the sake of simplicity, we only plot the regions where
the sensitivity is better than SNL (sub-shot-noise-limited
regions). The results reveal that there has 2` optimal
positions for sensitivity in our protocol. On the basis
of Eq. (15), we can calculate that optimal sensitivity
appears at 2`ϕ = (2k + 1)pi and 2`ϕ+θ = kpi+pi/2. Thus
the optimum combination of solution is (2k + 1)pi/2` and
θ = ±pi/2.
For quantificationally analyzing the degree of super-
sensitivity in our protocol, we plot Fig. 5 with our sen-
sitivity and QCRB. We can find that the sensitivity sat-
urates the QCRB with respect to large g. Additionally,
with the increase in |α|2, the trend that sensitivity ap-
proaches QCRB quickly can be seen by the pointed arrow
4FIG. 4. Sensitivity with balanced homodyne detection as a
function of angular displacement ϕ (radians) and amplitude
angle θ (radians) in the case of g = 1, ` = 3, |α|2 = 10.
in Fig. 5. Hence, |α|2  1 and sinh2 g  1 are two main
conditions for saturating the QCRB. This also implies
that balanced homodyne detection is optimal strategy
for our protocol.
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FIG. 5. Optimal sensitivity with balanced homodyne detec-
tion (BHD) as a function of squeezing factor in the case of
` = 1 and different values of |α|2. The arrow shows the inter-
section points of sensitivities and QCRBs.
For the case of |α|2  1 and sinh2 g  1, we also
give a theoretical proof that our protocol always saturates
QCRB, i.e., the equivalence between minimum of Eq.
(15) and Eq. (6), see Appendix B for details.
IV. ANALYSIS AND DISCUSSION OF
REALISTIC FACTOR
In this section, we study the effect of a common re-
alistic factor−−photon loss−−on the sensitivity in our
protocol. The simple illustration of photon loss is shown
in Fig. 6. Suppose that the loss is linear and occurs after
the two DPs. Such linear loss is usually simulated by
placing two virtual beam splitters with arbitrary trans-
missivity in two arms of the interferometer [25]. The lost
photons are reflected into the environment by the virtual
beam splitters. In the derivation that follows, we assume
that the transmissivities of the two virtual beam split-
ters are T . As the lost photons enter the environment,
the number of modes that has to be considered increases
from two to four, i.e., two environment ports are added.
Hence, the transmission matrices change from four-by-
four to eight-by-eight, and the details are provided in
Appendix A. According to the transformation relation-
ships, we can obtain the resolution and the sensitivity in
the case of photon loss.
FIG. 6. A simple model for photon loss. Two virtual BSs are
used to simulate photon loss. VˆA and VˆB are the operators
for two vacua.
We calculate the expectation values of X quadrature,〈
XˆA
〉
L
=
√
T
〈
XˆA
〉
, (17)
and its square,〈
Xˆ2A
〉
L
= T
〈
Xˆ2A
〉
+ (1− T ) . (18)
Then, the sensitivity is given by
∆ϕL =
√
T [cosh (2g) + sinh (2g) cos (2`ϕ)− 1] + 1
2
√
2T` cosh g |α sin (θ + 2`ϕ)| .
(19)
From Eqs. (12) and (19), we can see that the visi-
bility is not affected by photon loss, i.e., 100% visibility
can be maintained. The robustness of balanced homo-
dyne detection is exhibited as there is no change in the
signal. Figure 7 shows the sensitivity of homodyne de-
tection with photon loss. One observes that our protocol
is robust, for it can resist 38% photon loss in the case of
g = 2, ` = 1, and |α|2 = 100. Moreover, a merit is that
the change of the sensitivity curve is still slow.
More generally, in Fig. 8, we discuss the relationship
between maximum allowable loss and g with different
mean photon number |α|2. It can be seen that max-
imum allowable loss has an optimal position with re-
spect to fixed |α|2, and the optimal position moves to
the right with the increase in |α|2 (arrow direction). In
addition, with increasing |α|2, maximum allowable loss
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FIG. 7. Sensitivity with balanced homodyne detection (BHD)
as a function of angular displacement ϕ (radians) in the case
of g = 2, ` = 1, |α|2 = 100 and 38% loss in transmission
process.
also increases and gradually becomes saturated. An ex-
otic phenomenon is that, no matter what the value of
|α|2 is, the maximum allowable loss ultimately tends to
a fixed value when g reaches a threshold value. Overall,
the universal conclusion is that the ability of our protocol
possesses an excellent robustness and can resist photon
loss (about 30% to 40%).
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FIG. 8. Maximum allowable loss with balanced homodyne
detection as a function of squeezing factor in the case of l = 1
and different mean photon number of coherent state. The
arrow shows the maximums of allowable loss curves.
Additionally, we provide a brief discussion for the ad-
vantage of our protocol over SU(1,1) interferometer as it
is obvious that our protocol is superior than SU(2) [18].
For the case of lossless balanced homodyne detection, the
optimal sensitivity of Eq. (15) can be rewritten as
∆ϕmin ' 1
4` cosh g
√
cosh (2g) |α| (20)
with assumptions, |α|2  1 and sinh2g  1. The de-
tails of proof is provided in Appendix B. The sensitiv-
ity of a SU(1,1) interferometer with coherent and vac-
uum states as inputs is given by [18] : ∆ϕSU(1,1) =
1
/√
NOPA (NOPA + 2) |α|. From Eq. (20), we can infer
that even without OAM’s participation, the sensitivity
of our protocol is higher than the SU(1,1) by a factor of√
2 under the condition that sinh2g ' cosh2g = G with
large g and |α|2  1. For coherent state input, our pro-
tocol achieves the QCRB that SU(1,1) wants to achieve
without success. Then, the addition of OAM has greatly
increased the sensitivity.
Finally, we briefly summarize the merits of OAM.
Overall, it has played three significant roles in our pro-
tocol. (1) Acting as the linear amplifier for angular dis-
placement, mathematically, equivalent to the increase of
the repeated trials in an actual measurement. (2) Ex-
tending the super-resolution output signal from a single
to 2`-fold. (3) The multiple positions of optimal sensitiv-
ity provided with OAM make the scanning range in the
actual detection shortened to 1/2`.
V. CONCLUSION
In summary, we present a protocol for estimating angu-
lar displacement using OAM coherent state and a hybrid
interferometer. Balanced homodyne detection is stud-
ied, and the results show that both super-resolution and
super-sensitivity are achieved in lossless scenario. The
output signal has a 100% visibility, and we demonstrate
that a sub-shot-noise-limited sensitivity, which is satu-
rated by QCRB can be obtained when both |α|2 and
sinh2 g are much larger than 1. Additionally, we explore
the effects of photon loss on the resolution and sensitivity.
The 100% visibility is maintained in loss scenario, and
our protocol can resist photon loss of more than 30%.
We briefly discuss the advantage of our protocol com-
pared to the SU(1,1) and show that the sensitivity of our
protocol improves with a factor of
√
2. Using OAM, the
enhanced effect is reflected by a factor of 2
√
2` boost in
sensitivity compared with non-OAM protocols. Finally,
the merits of taking advantage of OAM is summarized.
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6APPENDIX
Appendix A: Transformation matrices of optical
processes for the phase space
In this part of the Appendix, we provide the transfor-
mation matrices for the optical processes in the phase
space. The matrices for OPA, angular displacement and
BS are given by
UOPA =
 cosh g 0 sinh g 00 cosh g 0 − sinh gsinh g 0 cosh g 0
0 − sinh g 0 cosh g
 , (A1)
UAD =
 cos (2`ϕ) − sin (2`ϕ) 0 0sin (2`ϕ) cos (2`ϕ) 0 00 0 1 0
0 0 0 1
 , (A2)
UBS =
1√
2
 1 0 1 00 1 0 1−1 0 1 0
0 −1 0 1
 . (A3)
For the case of photon loss, the transformation matri-
ces transforms from four-by-four to eight-by-eight, a rise
in dimensionality due to the introduction of the environ-
ment modes. The specific forms are as follows:
U˜OPA = UOPA ⊕ I (4), (A4)
U˜AD = UAD ⊕ I (4), (A5)
U˜VBS =
( √
T I (4)
√
1− T I (4)√
1− T I (4) −√T I (4)
)
8×8
(A6)
U˜BS = UBS ⊕ I (4). (A7)
Where I (4) is a four-by-four identity matrix, and ⊕ is
direct sum.
Appendix B: The proof of equivalence between
optimal sensitivity of Eq. (15) and QCRB (Eq. (6)),
and the proof process of Eq. (20)
In this section, we start off the equivalence between
optimal sensitivity (Eq. (15)) and QCRB (Eq. (6)), i.e.,
we only need to give the derivation of ∆ϕmin/∆ϕQ = 1.
By virtue of |α|2  1, we have
∆ϕmin
∆ϕQ
=
√
cosh (2g)− sinh (2g)√
2 cosh g
√
1 + 2 cosh (2g) + cosh (4g)
=
√
cosh (2g)− sinh (2g)
cosh g
√
cosh (2g) [1 + cosh (2g)]
'
√
1 + cosh (2g)√
2 cosh g
= 1. (B1)
with 2 cosh (2g) ' e2g ' 2 sinh (2g) and e−2g ' 0 for
large g.
Next, we consider Eq. (20) with the same approxima-
tion, the proof is given by
∆ϕmin =
√
cosh (2g)− sinh (2g)
2
√
2` cosh g |α| =
1
2`
√
2e2g cosh g |α| '
1
4` cosh g
√
cosh (2g) |α| . (B2)
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